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Immersed in an ionic solution, a network of polyampholytic polyelectrolyte imbibes the solution and
swells, resulting in a polyampholytic pH-sensitive hydrogel, which can respond to changes in the
surrounding environmental pH. The presence of ﬁxed charges and mobile ions due to the dissociation
of ionizable acidic and basic groups may give rise to a region called the electrical double layer of a
thickness scaled by the Debye length. Owing to the existence of the electrical double layer, when the size
of a polyampholytic pH-sensitive hydrogels is comparable to, or smaller than, the Debye length, the
behavior of the gel may deviate from that of the gel of a large size. To account of the size effects, this
paper develops a ﬁeld theory for polyampholytic pH-sensitive hydrogels by coupling large deformation
of the network, the dissociation of the functional groups and the migration of the ions and the solvent.
The theory is then applied to explore the inﬂuence of pH, salt concentration, geometric constraint and
the effects of the electrical double layer on swelling properties by analyzing a thin layer of a polyamph-
olytic pH-sensitive hydrogel immersed in a solution.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
A network of polyampholytic polyelectrolyte contains both cat-
ionic and anionic functional groups, when be immersed in an ionic
solution, the network imbibes the solution and swells, resulting in
a polyampholytic hydrogel. Polyampholytic hydrogel will respond
to the changes in the diverse factors of the surrounding medium by
varying their dimensions, including pH (Zhao et al., 2005; Chang
et al., 2011), temperature (Pourjavadi et al., 2009), ionic strength
(Zhang et al., 2007; Lai and Li, 2010) and glucose (Valuev et al.,
2011), etc. The property of polyampholytic hydrogels that can
undergo great volume changes in response to the environmental
stimuli makes them can be applied in the controlled drug delivery
and release system (Zhang et al., 2009), tissue engineering (Suh
and Matthew, 2000), oilﬁeld management (Cai et al., 2010), soft
actuators and sensors (Van der Linden et al., 2002; Westbrook
and Qi, 2008). However, slow response reaction has become one
of the most key factors in hampering the extensive application of
polyampholytic hydrogels. It is known that the characteristic time
of response is proportional to the square of a linear dimension of
the gel and inversely proportional to the diffusion coefﬁcient(Tanaka and Fillmore, 1979), so, miniaturization is one of the most
important methods for improving the response time. Many types
of small-size hydrogels have been developed as functional parts
of microsystems, including microﬂuidics (Zhao and Moore, 2001;
Xiao et al., 2009), micro-sensors (Yew et al., 2007), micro-actuators
(Harmon et al., 2003) and micro-optics (Chang et al., 2010).
Many ﬁeld theories have been developed to analyze the behav-
iors of the polyampholytic pH-sensitive hydrogels in response to
changes of environment stimuli. However, the existent theories
mainly adopt Flory-type gel swelling theory to model the equilib-
rium swelling behavior of polyampholytic pH-sensitive hydrogels,
which without considering the coupling between the large
deformation of the network and the migration of the ions and
the solvent, and the electrical double layer was almost not consid-
ered. For reviewing, see references (Baker et al., 1995; English
et al., 1996; Jahren et al., 2011). Actually, the coupling between dif-
fusion and large deformation and the electrical double layer may
signiﬁcantly impact the swelling properties of polyampholytic
pH-sensitive hydrogels when their sizes are comparable to, or
smaller than the Debye length.
Hong et al. (2008) proposed a theory for studying the coupling
between the diffusion and large deformation in polymeric gels, in
which the electrical double layer has been ignored. Hong et al.
(2010) subsequently developed a ﬁeld theory of polyelectrolyte
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ing the electric double layer at the solid–liquid interface and swell-
ing of a gel of a small size. However, the ﬁxed charges density of
polyelectrolyte gels studied above does not change with solution
pH, the corresponding polyelectrolyte gels are not sensitive to
solution pH. Following the work of Hong et al. (2010) on polyelec-
trolyte gels, Marcombe et al. (2010) developed a ﬁeld theory for
anionic pH-sensitive hydrogel by coupling the diffusion and large
deformation, but the electric double layer was ignored by assum-
ing that the gel is electroneutral. Recently, our working group
(Yan and Jin, 2012a,b, 2013) devised a swelling theory for ampho-
teric pH-sensitive hydrogels of large-size by building on the work
of Marcombe et al. (2010), similarly, the electric double layer
was ignored.
This paper develops a ﬁeld theory of small-size polyampholytic
pH-sensitive hydrogels by building on our previous works on
large-size polyampholytic pH-sensitive hydrogels (Yan and Jin,
2012a,b, 2013). The behavior of small-size polyampholytic pH-
sensitive hydrogels, however, differs substantially from large-size
hydrogels. When the size of a polyampholytic pH-sensitive hydro-
gels is comparable to, or smaller than, the Debye length, the effect
of electrical double layer on swelling cannot be neglected. The cou-
pling between the large deformation, electrochemistry and the
electrical double layer is considered in this paper. This theory is
then used to explore the inﬂuence of electric double layer, solution
pH, salt concentration and geometric constraint on swelling prop-
erties of polyampholytic pH-sensitive hydrogels by analyzing a
thin layer of a gel immersed in a solution.2. Three ways of doing work to a polyampholytic pH-sensitive
hydrogel
External agents do work to a polyelectrolyte gel may result in
swelling or deswelling. For polyelectrolyte gel which size is consid-
erably larger than the characteristic length of the electric double
layer (Debye length), the electric double layer has a small to
minimal inﬂuence on the deformation, so it is often ignored by
assuming that the gel is electroneutral (Marcombe et al., 2010),
and this assumption will capture the overall behavior of the
large-size polyelectrolyte gel. Therefore, for large-size polyelectro-
lyte gel, external agents do work in two ways: mechanical work
(deformation of the network) and electrochemical work (migration
of the solvent and ions). But for small-size polyelectrolyte gel,
the assumption of electroneutral will miss phenomena at the size
scale comparable to the Debye length. To account for the effect
of the electric double layer on the deformation, one can imagine
that every element of the network is attached with an electrode,
electrical work is done as electrons ﬂow from the ground into
the gel (the gel is taken to be an ionic conductor, but an electronic
insulator). Following Hong et al. (2010), we use the words
‘‘weight’’, ‘‘pump’’ and ‘‘battery’’ as shorthand for any external
agent that applies a mechanical force to the gel, injects mobile par-
ticles into the gel from external sources and brings electrons to an
electrode from the ground through an electronic conductor outside
the gel, respectively.
Using the undeformed dry network as a reference state, when a
polyampholytic pH-sensitive hydrogel deforms from a reference
state to a current state at time t, a material particle of coordinate
X in the reference state moves to a place of coordinate xðX; tÞ. In
the current state at time t, let the forces due to the weights be
BðX; tÞdVðXÞ on an element of volume and be TðX; tÞdAðXÞ on an
element of the gel-solution interface, respectively; let the elec-
tronic charges on an element of volume and interface of the net-
work be qðX; tÞdVðXÞ and xðX; tÞdAðXÞ, respectively. During the
period from the reference state to the current time t, there is a totalof nhðX; tÞdV number of particles of species h injected into an ele-
ment of volume by the pump. When the network deforms by dxi,
the ﬁeld of weights do workZ
BidxidV þ
Z
TidxidA: ð1Þ
When small amounts of electrons, dqðX; tÞdV and dxðX; tÞdA, are
brought to the ﬁeld of electrodes, the ﬁeld of batteries do workZ
UdqdV þ
Z
UdxdA; ð2Þ
where U is the electric potential of electrode relative to the ground.
When small amounts of mobile species, dnhðX; tÞdV are injected
into the gel, the ﬁeld of pump do workXZ
lhdnhdV ; ð3Þ
where lh is the electrochemical potential of species h in the pump,
and the sign of summation implies a sum taken over all mobile spe-
cies. (Considering the acid-base neutralization, the hydroxide ions
are assumed to be consumed completely in acidic solution, so the
external solution consists of four mobile species, namely, solvent
molecules, hydrogen ions, counter ions and co-ions.)
3. The condition of equilibrium
The gel, weights, batteries and pump together constitute a ther-
modynamic system. In equilibrium, the change in the Helmholtz
free energy of a polyampholytic pH-sensitive hydrogel should
equal the total work done by the external agents (Marcombe
et al., 2010), so one can obtain that,Z
dWdV þ
XZ
lhdnhdV 
Z
BidxidV 
Z
TidxidA
Z
UdqdV

Z
UdxdA ¼ 0; ð4Þ
where, W is the Helmholtz free energy density of the gel.
We will focus on isothermal processes, so the list of variables
will not include the temperature. As a part of the speciﬁcation of
a material model, the free-energy density W is assumed to be a
function of following seven independent variables: the deforma-
tion gradient F, the nominal concentrations of hydrogen ions CHþ ,
ionized acidic groups CA , ionized basic groups CBþ , counter ions
Cþ, co-ions C, and nominal electric displacement ~D, namely,
W ¼ WðF;CHþ ;Cþ;C;CA ;CBþ ; ~DÞ: ð5Þ
Associated with small changes in the independent variables, the
free-energy density changes by
dW ¼ @W
@FiK
dFiK þ @W
@CHþ
dCHþ þ
@W
@Cþ
dCþ þ @W
@C
dC þ @W
@CA
dCA
þ @W
@CBþ
dCBþ þ
@W
@~DK
d~DK : ð6Þ
In order to describe other terms of Eq. (4) with the chosen inde-
pendent variables, three types of auxiliary conditions should be
attached. These three types of auxiliary conditions are the conser-
vation of various species, volume additivity constraint and electro-
static equilibrium, respectively, these three auxiliary conditions
will be discussed one by one.
It is assumed that no chemical reaction but the dissociation of
acidic and basic groups and the acid-base neutralization (the
hydroxide ions are assumed to be consumed completely in acidic
solution). Let Ca be the nominal concentration of species a within
the gel, CadV be the number of particles of species a in an element
of volume of the network when the gel is in the current state. As
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each conserved (Yan and Jin, 2012a,b, 2013), one can obtain thatZ
dCþdV þ
Z
dnþoutdV ¼ 0; ð7Þ
Z
dCdV þ
Z
dnoutdV ¼ 0: ð8Þ
Due to the dissociation of acidic and basic groups and the acid-
base neutralization, the solvent molecules and the mobile hydro-
gen ions, however, are not conserved. The change in the total num-
ber of the solvent molecules and hydrogen ions in the system can
be, respectively, expressed asZ
dCsdV þ
Z
dnsoutdV ¼
Z
dCBþdV ; ð9Þ
Z
dCHþdV þ
Z
dnHþoutdV ¼
Z
dCAdV 
Z
dCBþdV : ð10Þ
The total number of acidic groups should equal the sum of the
number of the ﬁxed charges A and the unionized acidic groups
AH, namely,
CAHðXÞ þ CA ðXÞ ¼ f A=m; ð11Þ
similarly
CBOHðXÞ þ CBþ ðXÞ ¼ f B=m; ð12Þ
where f A and f B, respectively, are the number of acidic and basic
groups attached to the network divided by the total number of
monomers in the network, and v is the volume per monomer.
If the concentration of ions are much lower than that of solvent,
the solvent molecules contribute most to the swelling of the gel.
Following Marcombe et al. (2010), the condition of molecular
incompressibility is given by
1þ msCS ¼ detðFÞ; ð13Þ
where ms is the volume per solvent molecule, detðFÞ is the third
invariant of deformation gradient.
For large-size polyampholytic hydrogels, the commonly used
processing method is to assume that the electroneutrality is main-
tained both in the gel and the external solution. However, for
small-size polyampholytic hydrogels, especially when the size of
the gel is comparable to, even smaller than the Debye length, that
is no longer the case. According to Gauss’s law, the nominal electric
displacement ~DKðX; tÞ satisﬁes that
@ ~DðX; tÞ
@XK
¼ QðX; tÞ; ð14Þ
where QðX; tÞ is the electric charge density, and the total electric
charge is contributed from electrons, ions, and ﬁxed charges, thus,
one can obtain that
Q ¼ qþ e Cþ þ CHþ þ CBþ  C  CAð Þ; ð15Þ
where, e is the elementary charge.
Using Eqs. (4)–(15) and applying the procedure proposed by
Hong et al. (2010), the equilibrium equation can be obtained

Z
@siK
@XK
þBi
 
dxidVþ
Z
ðsiKNKTiÞdxidA
þ
Z
@W
@Cþ
lþþeU
 
dCþdVþ
Z
@W
@C
leU
 
dCdV
þ
Z
@W
@CHþ
lHþ þeU
 
dCHþdVþ
Z
@W
@CBþ
þlslHþ þeU
 
dCBþdV
þ
Z
@W
@CA
þlHþ eU
 
dCAdVþ
Z
@W
@~DK
þ @U
@XK
 
d~DKdV¼0; ð16Þwhere siK is the nominal stress.
The condition of equilibrium considered thus far is fairly
general. For applications, a speciﬁc form of free energy density
function of polyampholytic pH-sensitive hydrogels should be
provided.
4. An explicit form of the free-energy function
In many gels, the density of the crosslinks is so low that, the
effect of crosslinks on mixing can be reasonably neglected, and
one can simply write the free energy of a gel as the sum of the
free energy of the network and that of the solution. Based on this
approximation, Flory and Rehner (1943a,b) ﬁrst proposed a free
energy function for neutral gels. Zhao et al. (2008) extended this
approach to dielectric gel by introducing a contribution from
polarizing the gel. This approach has also been extended to poly-
electrolyte gels (Ricka and Tanaka, 1984; Hooper et al., 1990;
Brannon-Peppas and Peppas, 1991; Wang and Hong, 2011;
Longo et al., 2011; Quesada-Perez et al., 2011). Following Flory
and Rehner (1943a,b), Zhao et al. (2008) and Quesada-Perez
et al. (2011), this paper proposes a new form of free energy den-
sity function of polyampholytic pH-sensitive hydrogels by intro-
ducing the contributions from polarizing the gel and dissociating
the functional groups, and writes the free-energy density of the
gel as a sum
W ¼ Wel þWmix þWion þWdis þWpol; ð17Þ
where Wel, Wmix, Wion, Wdis and Wpol are the contributions from
stretching the network, mixing the polymers and the solvent, mix-
ing the solvent and ions, dissociating the acidic and basic groups,
and polarizing the gel, respectively. We next describe these ﬁve
contributions one by one.
The elastic free energy of stretching the polymer network is
taken to be (Edwards and Vilgis, 1986; Yan and Jin, 2012a,b)
WelðkÞ ¼ 12NckT
ð1 a2ÞP k2i
1 a2P k2i þ ln 1 a
2
X
k2i
 " #
þ 1
2
NskT ln 1 a2
X
k2i
 
þ 1
2
NskT
X k2i ð1þ gÞð1 a2Þ
ð1þ gk2i Þ 1 a2
P
k2i
 þ lnð1þ gk2i Þ
( )" #
;
ð18Þ
where kiði ¼ 1;2;3Þ are the principal stretches; Nc is the concentra-
tion of crosslinks; Ns is the concentration of slip links; a is the inex-
tensibility parameter; g is the slippage parameter; k is the
Boltzmann constant; T is the absolute temperature.
The free energy of mixing the polymers and the solvent is taken
to be (Huggins, 1942)
Wmix ¼ kTv s
1
u
ð1uÞ lnð1uÞ þ vuð1uÞ½ ; ð19Þ
where v is the polymer–solvent interaction parameter.
The free energy of mixing the solvent and ions is taken to be
(Hong et al., 2008, 2010)
Wion ¼ kT CHþ ln
CHþ
crefHþ detðFÞ
 1
 !
þ Cþ ln Cþ
crefþ detðFÞ
 1
 !"
þC ln Ccref detðFÞ
 1
 
: ð20Þ
The free energy of dissociating the acidic and basic groups is
taken to be (Marcombe et al., 2010)
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
CA þCAH
 
þCAH ln CAHCA þCAH
 	 
þcCA
þkT CBþ ln
CBþ
CBþ þCBOH
 
þCBOH ln CBOHCBþ þCBOH
 	 
þbCBþ ; ð21Þ
where c and b are the increase in the enthalpy when an acidic and
basic group dissociate, respectively.
The free energy of polarization is taken to be (Hong et al., 2010)
Wpol ¼ 12e
FiKFiL
detF
~DK ~DL; ð22Þ
where e is the permittivity of the gel.
5. Constitutive relation of polyampholytic pH-sensitive
hydrogels
Applying the speciﬁc free-energy function constructed above to
Eq. (16), one can obtain the constitutive relation of polyampholytic
pH-sensitive hydrogels, i.e.,
rij ¼ FjKdetðFÞ
@Wel
@FiK
þ 1
e
DiDj  12DmDndij
 
 Pion þPsolð Þdij; ð23Þ
where
Pion ¼ kT cinHþ þ cinþ þ cin  coutHþ  coutþ  cout
 
; ð24Þ
Psol ¼  kTms ln 1
1
detðFÞ
 
þ 1
detðFÞ þ
v
ðdetðFÞÞ2
" #
: ð25Þ
Here rij is the true stress; Pion and Psol, respectively, are the
osmotic pressure caused by the imbalance distribution of number
of ions between the gel and external solution and mixing the net-
work and the solvent; Di is the true electric displacement, cinh and
couth denote the true concentration of species h in the gel and the
external solution, respectively.
By applying the constructed free-energy function to Eq. (16), for
ensuring that the third, fourth, ﬁfth and sixth terms in Eq. (16) van-
ish for arbitrary small injection of mobile species, the electrochem-
ical potential of each removable species can be obtained, i.e.,
lþ ¼ kT ln
Cþ
crefþ detðFÞ
þ eU; ð26Þ
l ¼ kT ln
C
cref detðFÞ
 eU; ð27Þ
lHþ ¼ kT ln
CHþ
crefHþ detðFÞ
þ eU; ð28Þ
ls ¼  kT ln
CBþ
f B=m CBþð Þ
þ b
	 
þ lHþ  eU: ð29Þ
The electrical double layer at the solid–liquid interface results
in an inhomogeneous ions concentration ﬁeld and inhomogeneous
electric potential ﬁeld, near the solid–liquid interface, electroneu-
trality is not maintained. However, inside the external solution at
a distance larger than the Debye length, the electroneutrality is
recovered, so one can obtain that
coutHþ ð1Þ þ coutþ ð1Þ ¼ cout ð1Þ: ð30Þ
The amount of external solution is taken to be much larger than
the gel, so that the concentration of each species of the ions deep
inside the external solution invariant as the gel swells, remains
at a ﬁxed level. Let the concentration of counter ions deep inside
the external solution be cout ð1Þ ¼ c0, then Eq. (30) gives that
coutHþ ð1Þ þ coutþ ð1Þ þ cout ð1Þ ¼ 2c0: ð31ÞFollowing Hong et al. (2010), the chemical potential of solvent
molecules in the ionic solution under equilibrium can be given as
ls ¼ kTms coutHþ þ coutþ þ cout
 
: ð32Þ
By substituting Eq. (31) into Eq. (32), one can obtain that
lsð1Þ ¼ 2kTmsc0: ð33Þ
When a gel system is in equilibrium, the electrochemical poten-
tial of each species must be the same in all phases. So, using Eqs.
(29)–(33), the equilibrium condition of the dissociation of basic
group can be obtained, i.e.,
cBþ c
ref
Hþ
 2
expð2v sc0Þ
f B=mð ÞðdetðFÞÞ1  cBþ
h i
cHþ
¼ NAKb; ð34Þ
where, NA is the Avogadro’s number, Kb is the base dissociation con-
stant and it satisﬁes NAKb ¼ crefHþ expð bkTÞ.
Similarly, the equilibrium condition of the dissociation of acidic
group can be obtained, i.e.,
cHþcA
f A=mðdet FÞ1  cA
¼ NAKa; ð35Þ
where, Ka is the acid dissociation constant, and it satisﬁes
NAKa ¼ crefHþ exp  ckT
 
.
6. Inhomogeneous ﬁeld in the region near the gel-solution
interface
The constitutive relation previously deduced involves the inho-
mogeneous ions concentration ﬁeld and electric potential ﬁeld, in
this section, these will be discussed in more detail. The interface
is assumed to be ﬂat, and let the points in the ﬂat as the coordinate
origin, x-axis be perpendicular to the interface, and the direction
towards the external solution.
The electrochemical potential of each ions deep inside the
external solution is set to be zero, loutþ ð1Þ ¼ lout ð1Þ ¼ loutHþ ð1Þ
¼ 0, and so is the electric potential, Uð1Þ ¼ 0. As mentioned above,
the electrochemical potential of each species is uniform when the
system is in equilibrium, so, lþðxÞ ¼ lðxÞ ¼ lHþ ðxÞ ¼ 0. Submit-
ting this condition into Eqs. (26)–(28), then one can obtain
cþðxÞ ¼ crefþ ð1Þ exp 
eUðxÞ
kT
	 
; ð36Þ
c ðxÞ ¼ cref ð1Þ exp
eUðxÞ
kT
	 
; ð37Þ
cHþ ðxÞ ¼ crefHþ ð1Þ exp 
eUðxÞ
kT
	 
: ð38Þ
Near the interface, no matter in the gel or the external solution,
the electroneutrality is no longer remained, the existence of excess
electric changes may cause nonuniform electric potential.
The region of the external solution near the interface with the
excess electric change, e coutþ þ coutHþ  cout
 
, which leads to inhomo-
geneous electric potential, UðxÞ, governed by Poisson’s equation,
i.e.,
e d
2U
dx2
¼ e coutþ þ coutHþ  cout
 
: ð39Þ
Submitting Eqs. (36)–(38) into Eq. (39) and describing the elec-
tric potential and the coordinate in terms of the corresponding
dimensionless quantity, then one can obtain that
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dn2
¼ sinhW; ð40Þ
where,W ¼ eUkT is the dimensionless electric potential of the external
solution, and n ¼ x=LD is the dimensionless coordinate, with LD
being the Debye length:
LD ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kTe
2e2c0
s
: ð41Þ
As mentioned above, the electric potential deep inside the
external solution is set to be zero, Wð1Þ ¼ 0. Based on this bound-
ary condition, Eq. (40) gives that
dW
dn
¼ 2 sinhW
2
: ð42Þ
Similarly, the region of the gel near the interface with the excess
electric change, e CBþ þ CinHþ þ Cinþ  Cin  CA
 
, which leads to
inhomogeneous electric potential, UðxÞ, governed by Poisson’s
equation
e
d2U
dx2
¼ e
det F
CA þ Cin  Cinþ  CinHþ  CBþ
 
: ð43Þ
Submitting Eqs. (36)–(38) into Eq. (43) and expressing the elec-
tric potential and the coordinate in terms of the corresponding
dimensionless quantity, then the electric potential ﬁeld in the gel
satisﬁes
d2W
dn2
¼ 1
detF
cA  cBþ
2c0
þ sinhðWÞ
	 
: ð44Þ7. Swelling of a thin layer of a polyampholytic pH-sensitive
hydrogel
This section discusses the swelling of a thin layer of a poly-
ampholytic pH-sensitive hydrogel which thickness D is comparable
to the Debye length. Let the x-axis normal to the interface, with the
origin of the axis coinciding with the center of the gel and the gel
occupies the region D=2 < X < D=2 in the reference state. The gel
swells ﬁrstly in the external solution under no external forces until
the stretches in the plane of the layer to be k2 ¼ k3 ¼ 2, subse-
quently, attached to a rigid substrate and subjected to biaxial con-
straint. The two in-plane stretches are constrained by rigid
substrate to be the ﬁxed value, but the out-of-plane stretch k1ðXÞ
can continue to swell until the system reaches equilibrium.Fig. 1. The inﬂuence of the solution pH on the swelling of the gel, the thickness of
the gel is twice the Debye length.In the direction of thickness, no mechanical load is applied, so
the stress normal to the layer is zero, r11 ¼ 0. By setting the left-
hand side of Eq. (23) to be zero, then one can obtain that
P ¼ F11
detF
@Wel
@F11
þ e
2
dU
dx
 2
: ð45Þ
Submitting Eqs. (24) and (25) into Eq. (45) and rewriting the
expression in a dimensionless form, then one can obtain that
dW
dn
 2
þ 1
kTc0
F11
detF
@Wel
@F11
þ 1
msc0
log 1 1
k1k
2
2
 !
þ 1
k1k
2
2
þ v
k21k
4
2
" #
 2ðcoshW 1Þ ¼ 0; ð46Þ
where
F11
det F
@Wel
@F11
¼ NckT
k22
F1 þ NskT
k22
ðF2 þ F3 þ F4Þ; ð47Þ
F1 ¼
1 2a2 k1
1 a2 k21 þ 2k22
 þ a2 1 a2
 
k1 k
2
1 þ 2k22
 
1 a2 k21 þ 2k22
  2 ; ð48Þ
F2 ¼ k
2
1
1þ gk21
þ 2k
2
2
1þ gk22
 !
þ a
2ð1þ gÞ 1 a2 k1
1 a2 k21 þ 2k22
  2 ; ð49Þ
F3 ¼ k
2
1
1þ gk21
þ ð1þ gÞð1 a
2Þk1
1 a2 k21 þ 2k22
  
1þ gk21
 2 ; ð50Þ
F4 ¼ gk1
1þ gk21
 a
2k1
1 a2 k21 þ 2k22
  : ð51Þ
The two unknown functions, WðnÞ and k1ðnÞ are determined by
two coupled Eqs. (44) and (46). Eliminating k1 from Eqs. (44) and
(46), then one may obtain a second-order ordinary differential
equation for WðnÞ.
The electric potential in the gel match those in the external
solution; and deep inside the gel, the electric ﬁeld vanishes.
Therefor, the second-order ordinary differential equation for
WðnÞ can be numerically integrated with the following boundary
conditions:
dW
dn

0
¼ 0; ð52ÞFig. 2. The inﬂuence of the solution pH on the distribution of the electric potential
in a layer of a gel, the thickness of the gel is twice the Debye length.
Fig. 3. The inﬂuence of the solution pH on the distribution of the electric charge in a
layer of a gel, the thickness of the gel is twice the Debye length.
Fig. 4. The inﬂuence of the solution pH on the distribution of the equal-biaxial
compressive stress, the thickness of the gel is twice the Debye length.
Fig. 5. Simulation results of the inﬂuence of the solution pH on the swelling of the
gel (based on the model developed by Yan and Jin (2013), which without
considering the effect of electrical double layer).
Fig. 6. The inﬂuence of the concentration of counterions on the swelling of the gel,
the thickness of the gel is twice the Debye length.
Fig. 7. The inﬂuence of the concentration of counterions on the distribution of the
electric potential in a layer of a gel, of thickness twice the Debye length.
Fig. 8. The inﬂuence of the concentration of counterions on the distribution of the
electric charge in a layer of a gel, of thickness twice the Debye length.
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Fig. 9. The inﬂuence of the pH of the solution on the distribution of the stress ﬁeld,
the thickness of the gel is twice the Debye length.
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2
¼ 2 sinhWðq=2Þ
2
; ð53Þ
where q ¼ h=LD, and h is the thickness of the swollen gel.
In subsequent numerical calculations, we assume v s ¼ v ¼
1028 m3, and set Ka = 105, Kb = 1012, fA = 0.35, fB = 0.05. The exis-
tence of chain entanglement may slightly affect the quantitative
results, but should maintain the overall trend. Therefore, the inﬂu-
ence of chain entanglements is ignored, i.e., Nsv ¼ a ¼ g ¼ 0. We
also set Ncv = 0.001, v = 0.1, vc0 = 106. Consider the case for
h ¼ 2LD, Figs. 1–4 plot the numerical results. Fig. 1 shows that
the swelling of the gel is inﬂuenced remarkably by the solution
pH: the swelling of the polyampholytic pH-sensitive hydrogel is
almost homogeneous when the solution pH is relatively low; Con-
versely, the swelling of the gel becomes inhomogeneous when the
pH of the solution is relatively high; the center of the gel has the
hightest swelling ratio, and the higher the solution pH, the more
remarkable the phenomenon.
Figs. 2 and 3 plot the inﬂuence of solution pH on the distribu-
tions of the electric potential and electric change along the thick-
ness direction of the gel. Similar to the case of swelling, be
immersed in an external solution of a low pH, the distributions
of the electric potential and electric change along the thickness
direction of the gel convert from homogeneous to inhomogeneous
with the increase of solution pH.
Upon swelling, the conﬁnement by the substrate induces an
equal-biaxial compressive stress in the gel, the inﬂuence of solu-
tion pH on the distribution of the stress is shown in Fig. 4. As
can be seen from Fig. 4 that the stress ﬁeld is inhomogeneous when
the gel is immersed in an external solution of a relatively high pH,
the largest stress appears at the edge of gel.
Previously, we have proposed a ﬁeld theory of polyampholytic
pH-sensitive hydrogels by ignoring the effect of electrical double
layer (i.e., assuming that the gel is electroneutral) (Yan and Jin,
2013). Fig. 5 gives the corresponding simulation results based on
the previous theory. The comparison of the Figs. 1 and 5 showed
that the current model has some predictive abilities not available
in previous model, it can not only predict the whole changing trend
of the swelling of the gel with the solution pH but also each part of
the gel. In addition, it can also be used to predict the inhomogene-
ity of ion and electric ﬁeld concentrations and internal stresses.
A thin layer of polyampholytic pH-sensitive gel immersed in an
ionic solution, the swelling property of the gel is affected not only
by the solution pH but also the concentration of counterions.
Figs. 6–9 show the inﬂuence of the concentration of counterionson the swelling property of the gel, in the calculations the param-
eters Ncv = 0.001, v = 0.1, pH = 7 are chosen. As can be seen from
Figs. 6–9 that the inﬂuences of the concentration of counterions
on the swelling of the gel and the distributions of electric potential,
electric charge, equal-biaxial compressive stress are similar to that
of solution pH, these ﬁelds distribution convert from homogeneous
to inhomogeneous with decrease of the concentration of counteri-
ons. It may be due to that when the concentration of the
counterions is high compared to the concentration of the ﬁxed
charges on the polymers, ions in the gel are nearly balanced with
ions in the external solution, so that the polyampholytic pH-
sensitive gel behaves like a nonionic gel.
8. Conclusions
When the size of polyampholytic pH-sensitive hydrogel is com-
parable to, or even smaller than the Debye length, the electric dou-
ble layer can have signiﬁcant effects on the swelling properties of
the gel. Based on the ﬁeld theory of polyelectrolyte gels developed
by Hong et al. (2010), this paper with further consideration of the
dissociation of functional groups and proposes a ﬁeld theory of
small-size polyampholytic pH-sensitive hydrogel. This theory is
then applied to study the constrained large deformation and elec-
trochemistry of a thin layer of polyampholytic pH-sensitive hydro-
gel immersed in an ionic solution. It is shown that the swelling of
the polyampholytic pH-sensitive gel is affected not only by the
solution pH, but also by ionic concentration of exterior solution;
this theory can also be used to analyze the inﬂuences of the solu-
tion pH and ionic concentration on the distributions of the electric
potential, charge and stress. It is to be hoped that the ﬁeld theory
developed in this paper can be used for analyzing diverse complex
deformation cases of small-size polyampholytic pH-sensitive
hydrogels in nature and engineering by solving various boundary
value problems.
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